FROM TRIANGULATED CATEGORIES TO MODULE 
CATEGORIES VIA LOCALISATION II: CALCULUS OF 

FRACTIONS 



ASLAK BAKKE BUAN AND ROBERT J. MARSH 

Abstract. We show that the quotient of a Hom-finite triangulated category C 
by the kernel of the functor Homc(T, — ), where T is a rigid object, is preabelian. 
We further show that the class of regular morphisms in the quotient admit a 
calculus of left and right fractions. It follows that the Gabriel-Zisman localisation 
of the quotient at the class of regular morphisms is abelian. We show that it is 
equivalent to the category of finite dimensional modules over the opposite of the 
endomorphism algebra of T in C 



Introduction 

Let A; be a field and C a skeletally small, triangulated Hom-finite /c-category which 
is Krull-Schmidt and has Serre duality. A standard example of such a category is 
the bounded derived category of finite dimensional modules over a finite dimensional 
algebra of finite global dimension (see [6]). In this case, the triangulated category is 
obtained from the abelian category of modules by Gabriel-Zisman (or Verdier) local- 
isation of the quasi-isomorphisms in the bounded homotopy category of complexes 
of modules. 

Here, our approach is the other way around. Given a triangulated category C as 
above, we are interested in gaining information about related abelian categories. We 
are particularly interested in the module categories over (the opposites of) endomor- 
phism algebras of objects in C. An object T in C satisfying Ext^(T, T) = is known 
as a rigid object. In this case it is known [2] that the category of finite dimensional 
modules over End(T)''*' can be obtained as a Gabriel-Zisman localisation of C, for- 
mally inverting the class S of maps which are inverted by the functor Homc(r, — ). 
However, the class S does not admit a calculus of left or right fractions in the sense 
of H Sect. 1.2] (see also [121 Sect. 3]). 

If r is a cluster-tilting object then, by a result of Koenig-Zhu [IH Cor. 4.4], the 
additive quotient C/ST, where S denotes the suspension functor of C, is equivalent 
to mod Endc (T) (see also [HI Prop. 6.2] and [TOl Sect. 5.1]; the case where C is 
2-Calabi-Yau was proved in [10| Prop. 2.1], generalising [3l Thm. 2.2]). However, 
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when T is rigid, this is no longer the case in general. It is natural to consider instead 
the quotient C/Xt where Xt is the class of objects in C sent to zero by the functor 
Homc(T, — ), since, in the cluster-tilting case, Xt = add ST. However, one does not 
obtain the module category this way, since in general C/Xt is not abelian. 

Our approach here is to show first that C/ Xt is preabelian, using some arguments 
generalising those of Koenig-Zhu [TT]. This means that, in addition to C/ X^ being 
an additive category, every morphism in C/Xt has a kernel and a cokernel. This 
category in general possesses regular morphisms which are not isomorphisms (i.e. 
morphisms which are both monomorphisms and epimorphisms but which do not 
have inverses), so it cannot be abelian in general. 

However, we show that C/ Xt does have a nice property. It is integral, i.e. the pull- 
back of any epimorphism (respectively, monomorphism) , is again an epimorphism 
(respectively, monomorphism). This allows us to apply a result of Rump \n\ pi 73] 
which implies that [C/ Xt)ti^ the localisation of the category C/ Xt at the class TZ of 
regular morphisms, is abelian. We assume that C is skeletally small to ensure that 
the localisation exists. Furthermore, by the same reference, the class TZ admits a 
calculus of left and right fractions. 

We go on to show that the projective objects in {C/ Xt)tz are, up to isomorphism, 
exactly the objects induced by the objects in the additive subcategory of C generated 
by T. This implies our main result: 

Theorem. Let C he a skeletally small, Horn-finite, Krull- Schmidt triangulated 
category with Serre duality, containing a rigid object T. Let Xt denote the class 
of objects X in C such that Homc(r, X) = 0. Let TZ denote the class of regular 
morphisms in C/Xt- Then TZ admits a calculus of left and right fractions. Let 
{C/Xt)tz denote the localisation of C/Xt atTZ. Then 

{C/XT)n - modEndc(T)°?'. 

Let S denote the class of maps in C which are inverted by Homc(r, — ), and let S_ 
denote the image of this class in C/Xt- Then TZ = S_, and the localisation functor 
Lg: C ^ Cg factors through C/Xt- The main result of [2] was the construction of 
an equivalence G from Cs to modEndc(r)°^, such that Homc(T, — ) = GLs- Our 
theorem above can be seen a refinement of this. It was noted in [2] that iS does not 
admit a calculus of left or right fractions, thus we can observe that the advantage 
of passing first to the quotient C/Xt is that the subsequent localisation does then 
admit such a calculus. 

We note that [H] contains results obtaining abelian categories as subquotients 
of triangulated categories; we give an explanation of the relationship between the 
results obtained here and those in [14] in Section [HI We also remark that A. Beligian- 
nis has recently informed us that, in subsequent work using a different approach, he 
has been able to generalise our main result to the case of a functorially finite rigid 
subcategory. 

There are interesting parallels between our approach here and the construction 
of the derived category of an abelian category A. We follow [9], [U HI. 2, HI. 4]. 



FROM TRIANGULATED CATEGORIES TO MODULE CATEGORIES II 



3 



The derived category of A can be defined (following Grothendieck) as the Gabriel- 
Zisman localisation of the category C{A) of complexes over A at the class of quasi- 
isomorphisms. This class does not in general admit a calculus of left and right 
fractions. However, the more commonly used construction (due to Verdier) of the 
derived category involves passing first to the homotopy category K{A). Then C{A) 
is a Probenius category and K{A) is the corresponding stable category, hence a 
quotient of C{A). Then the class of quasi-isomorphisms in K(A) admits a calculus 
of left and right fractions. Localising at this class gives rise to the derived category 
of A. 

In Section [1] we set-up the context in which we work. In Section [2l we recall the 
definitions of semi-abelian and integral categories and some results of Rump |16^ [T7] 
which will be useful. In Section [3l we prove that C/Xt is integral. In Section |H 
we recall the Gabriel-Zisman theory of localisation and calculi of fractions and also 
how it can be applied (following Rump [iTl Sect. 1]) to the case of the regular 
morphisms in an integral category. In Section O we apply this to {C/Xj')'r. to show 
that it is abelian. By classifying the projective objects in {C/XT)ni we deduce the 
main result. In Section [6l we explain the relationship of the results here to work of 
Nakaoka [T3]. In Section [71 we explain the relationship between our main result and 
the results in [2]. 

1. Notation 

We first set up the context in which we work and define some notation. Let k 
be a field and C be a skeletally small, triangulated, Hom-finite, Krull-Schmidt k- 
category with suspension functor S. We need the skeletally small assumption to 
ensure that the localisations we need exist. We assume that C has a Serre duality, 
i.e. an autoequivalence v. C C such that IIomc(X, Y) ~ DHomciY, vX) (natural 
in X and Y) for all objects X and y in C, where D denotes the duality IIomfc(— , k). 
Let T be a rigid object in C and set T = Endc(T')''''. 

For a full subcategory X of C, let 

= {C eC\ Exti(X, C) = for each X £ X}, 

and define -^X dually. For an object X in C, let addX denote its additive closure, 
and let X-^ = (addX)-^. A rigid object T is called cluster-tilting if addT = T-*-. 
Let Xt = (Sr)-L. 

We also recall the triangulated version of Wakamatsu's Lemma; see e.g. [8l Section 

2]. 

Lemma 1.1. Let X be an extension-closed subcategory of a triangulated category C. 

(a) Suppose that X ^ C is a minimal right X -approximation of C and Ti~^C — )• 
Y ^ X ^ C a completion to a triangle. Then Y is in X^, and the map 
T,~^C Y is a left X-^ -approximation ofT,~^C. 

(b) Suppose that C ^ X is a minimal left X -approximation of C and T,~^Z — )• 
C — )■ X — 7- Z — 7- T,C a completion to a triangle. Then Z is in ^X, and the 
map Z —7- EC is a right ^ X -approximation of 'EC. 

Using this, we obtain: 
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Lemma 1.2. Let T he a rigid object in C. Then the subcategory Xt of C is functo- 
rially finite. 

Proof. This follows from combining Wakamatsu's Lemma (Lemma ll.ip with the 
existence of Serre duality. □ 

2. Preabelian categories 

Recall that an additive category A is said to be preabelian if every morphism 
has a kernel and a cokernel. In this section we shall recall some of the theory of 
preabelian categories that we need in order to study C/Xt- A morphism is said to 
be regular (or a bimorphism) if it is both an epimorphism and a monomorphism. 

According to |17|. Sect. 1] a preabelian category is called left semi-abelian (re- 
spectively, right semi-abelian) if every morphism / has a factorisation of the form 
ip where p is a cokernel and i is a monomorphism (respectively, where p is an epi- 
morphism and i is a kernel); see |17l Sect. 1], where it is pointed out that in the 
left semi-abelian case p is necessarily coim(/) = coker(ker(/)) and in the right semi- 
abelian case i is necessarily im(/) = ker(coker(/)). A preabelian category is said to 
be semi-abelian if it is both left and right semi-abelian. 

We remark that pullbacks and pushouts always exist in a preabelian category. 
For the pullback of maps c: B ^ D and d: C ^ D, we can take the kernel of the 
map BlJC ^ D whose components are c and —d, obtaining a pullback diagram: 

(1) A^^B 

b c 

There is a dual construction for the pushout. 

We recall the following characterisation of semi-abelian categories: 

Proposition 2.1. |17l Prop. 1] Let A be a preabelian category. Then A is left 
semi-abelian if and only if, in any pullback diagram as above, a is an epimorphism 
whenever d is a cokernel. 

A dual characterisation in terms of pushout diagrams holds for right semi-abelian 
categories. 

A preabelian category is said to be left integral provided that, in any pullback 
diagram as above, a is an epimorphism whenever d is an epimorphism. A dual 
definition involving pushouts is used to define right integral categories. A preabelian 
category which is both left and right integral is said to be integral. 

The following then follows from Proposition 12.11 

Proposition 2.2. \n\ Cor. 1] Any left integral (respectively, integral) category is 
left semi-abelian (respectively, semi-abelian). 

We recall the following two results from |17] . 
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Lemma 2.3. [171 Lemma 1] Let A he a preabelian category. In a puUback dia- 
gram ([T]) , whenever d is a monomorphism, a is a monomorphism. 

We also recall the following (which also includes a dual statement involving 
pushouts which we will not need here). 

Proposition 2.4. \17\ Prop. 6] Let A be a semi-abelian category. Then the following 
are equivalent. 

(a) The category A is integral. 

(b) For any pullback diagram a is regular whenever d is regular. 

Finally, we note the following, which is easy to show using the definitions. 

Lemma 2.5. Let h be a map in an additive category which is a weak cokernel of a 
map g and an epimorphism. Then h is a cokernel of g. 

3. Properties of C/Xt 

In this section, we consider the factor category C/ Xt- The objects in C/ Xt are the 
same as those in C. For objects X, Y in C, Hom^j/;^^^, (X, Y) is given by Homc(X, Y) 
modulo morphisms factoring through Xt. We denote the image of a morphism / in 
C by /. Note that, since C is A;-additive, so is C/ X^. 

We will show the following result, which can be regarded as a generalisation of 
im Theorem 3.3]. Our proof is inspired by the proof in 



Theorem 3.1. The factor category C/ Xt is preabelian. 

In order to prove Theorem 13. 11 we will need the following lemmas. 
Lemma 3.2. Consider a commutative diagram 




in a triangulated category, where the rows are triangles. 

(a) // the composition 8201 vanishes, then there are maps e\: C — )■ B' and 
£2 : T,A — )• C , such that 5^ = /3'ei + €27. 

(b) // the composition -f'63 vanishes, then there are maps 4>i'. B A' and 
(p2 - C ^ B' such that 82 = 02/? + a'<Ai- 

For a map f:X^YmC, consider the triangle X ^ Y Z . 

Lemma 3.3. (a) The map f : X Y is a monomorphism if and only if h = 0. 

(b) The map f : X ^ Y is an epimorphism if and only if g = 0. 

(c) The map f : X ^ Y is regular if and only if g = = h. 

Proof, (c) follows by definition from (a) and (b). We prove only (b), the proof of 
(a) being dual. 
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We consider first the case when Z is in X^. We then need to show that / is an 
epimorphism in CjXx- 

Let p: y ^ M be a map such that pf = 0. Then there is an object U' in X^, 
and a commuting square: 



X 



U' 



f 



Y 



M 



By Lemma \1.'2\ a minimal right A^-approximation U ^ M exists. The map 
U' ^ M factors through U ^ M, hence there is also a commutative square 



X 



f 



Y 



f 

which we extend to a commutative diagram 




where the rows are triangles. By Wakamatsu's Lemma (Lemma ll.ip . we have that 
T,~^N is in Xt'^. Therefore the map Z ^ N is zero, using that Z is by assumption 
in Xt- By commutativity, the composition T,~^Z — )■ X — )> [/ vanishes. Hence, we 
have by Lemma 13.21 that there are maps vi : Y ^ U , and V2 - Z ^ M, such that 
p = f'vi + V2g- Hence p factors through U U Z, which is in Xt, so we have p = 0. 

Now consider the general case, so assume g factors through an object V in Xt 
and consider the induced commutative diagram 



E-^Z 

where the rows are triangles. Now /' = fr and hence /' = fr. Note that since V 
is in Xt, we have that /' is an epimorphism. It follows that fr, and hence /, is an 
epimorphism. 

Conversely, if / is an epimorphism then, since gf = we have gf = 0, so g = 
0. ~ ~ ~ □ 

Lemma 3.4. For any map f:X^YinC, the map f : X ^ Y has a kernel and a 
cokernel. 
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Proof. We construct a cokernel of /. The construction of a kernel is dual. 

Consider a minimal right add T- approximation a: Tq — ?• X. Compose this with 
/, and complete the composition fa to a triangle 

(2) To ^ y 4 Af ^ STo 

By the octahedral axiom, there is a commutative diagram 




We claim that c is a cokernel for /. 

Consider a map p: Y N, such that pf = 0. Assume pf factors through an 
object U in Xt, so there is a commuting square 




Extend this to a commuting diagram of triangles, and compose with the previous 
map of triangles, to obtain the diagram 



Y 



X 



Y 



M 



Z 



T,X 



u- 



N 



Z' 



The composition ^ X ^ U vanishes, since U is in Xj^. Hence the composition 

M A Z -4 Z' — > YjU also vanishes. Now Lemma 13.21 implies that there exist maps 
ei : y — )• [/ and e^'- M ^ N ^ such that p = rei + e^c. Since \J is in Xt^ this implies 
p_ = e2C. 

This shows that c is a weak cokernel for /. It is also clear that c is an epimorphism, 
using the triangle ([2]) . It then follows from Lemma 12.51 that c is actually a cokernel 
for /. □ 

Proof of Theorem \3.1[ The additivity of C / Xt follows directly from the additivity 
of C. By Lemma 13.41 we have that for any map /: X — > y, the induced map / has 
both a kernel and a cokernel. □ 



In order to show that C/Xt is also integral, we need to study its projective objects. 
According to [13], an object P in a preabelian category (indeed, in any category) is 
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said to be projective if, for any epimorphism c: B ^ C, any morphism f : P ^ C 
factors through c: 

P 

/ / 

We shall use this definition. But we note that Rump [T71 pl70] uses a different 
definition; the above diagram should commute only for any cokernel c. Such ob- 
jects are referred to as quasi-projectives in [15\ Defn. 7.5.2] and we shall use this 
terminology. Note that the two notions are the same in an abelian category, as 
then epimorphisms and cokernels coincide. The dual objects will be referred to as 
quasi-injectives. 

In the following three proofs, we use some arguments based on the proof of 
Theorem 4.3]. 

Lemma 3.5. Every object in addT, when regarded as an object in C/ Xt, is projec- 
tive. 

Proof. Let / : X — )• y be an epimorphism in C/Xt, and u: Tq — )• y any morphism, 
where Tq lies in addT. Completing / to a triangle in C, we have the diagram: 

To 

U 

X — Y Z ^ EX 

Since / is an epimorphism, by Lemma [3.3l we have that g factors through Xt- Hence 
gu = 0, so ti factors through / and thus u factors through / as required. □ 

Lemma 3.6. The category C/ Xt has enough projectives. 

Proof. Let X be an object in C/Xt. and let / : Tq — > X be a minimal right addT 
approximation of X in C. Complete it to a triangle: 

U ^ To — ^ X ^ SC/. 

By Wakamatsu's Lemma (see Lemma ll.ip . U lies in T^, so TjU lies in ST-*- = Xt. 
Hence, by Lemma 13.31 /: 7b — > X is an epimorphism, as required. It now follows 
from Lemma 13.51 that C/Xt has enough projectives. □ 

Dually, it can be shown that: 

Lemma 3.7. (a) Every object in addS^T, regarded as an object in C/Xt, is 
injective. 

(b) The category C/Xt has enough injectives. 
We recall: 
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Proposition 3.8. [El Cor. 2] 

If A is apreabelian category with enough quasi-projectives (respectively, quasi-injectives), 
then A is left (respectively, right) semi-abelian. 

It already follows from Proposition 13.81 that C/Xt is semi-abelian, using Lem- 
mas [3161 and [3]7l However, a modification of the argument in the proof of this result 
allows us to show: 

Proposition 3.9. Let A be a preabelian category. 

(1) Suppose that A has enough projectives. Then A is left integral. 

(2) Suppose that A has enough injectives. Then A is right integral. 

(3) Suppose that A has enough projectives and enough injectives. Then A is 
integral. 

Proof. As remarked above, we use an approach similar to the proof of \17\ Cor. 2]. 
For (a), suppose we are given a pullback diagram: 

(3) 




in C/Xt with d an epimorphism. Since A has enough projectives, there is an epimor- 
phism a/ : P ^ B in C/Xt where P is projective in A. Since d is an epimorphism, 
there is a map 6': P — )■ C in C/Xt such that co' = dfl. Since the diagram ([3]) is a 
pullback, there is a map e: P ^ A such that ae = of and 6e = 6'. Since a' is an 
epimorphism, so is a, and (a) follows. 




The proof of (b) is dual to the proof of (a), and (c) follows from (a) and (b). □ 

We also remark that, for a semi-abelian category, left integrality is equivalent to 
right integrality (see [T71 Cor. pi 73]). 

Corollary 3.10. The category C/Xt is integral. 

Proof. This follows from Lemmas l3.5l[3^ and l3.7l together with Proposition l3.9[ □ 

4. Localisation 

Let D be a category. A class TZ of morphisms in T) is said to admit a calculus of 
right fractions [H L2] provided that the following holds: 

(RFl) The identity morphisms of T) lie in IZ and IZ is closed under composition. 
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(RF2) Any diagram of the form: 



B 



D 



with r S 7^ has a completion to a commuting square of the following form: 




with r' in TZ. 

(RF3) If r : Y ^Y' lies in TZ and /, /' : X ^Y are maps such that rf = rf then 
there is a map r' : X' ^ X in TZ such that fr' = f'r'. 

There is a dual set of axioms, (LFl-3), for left fractions. Let us assume that P is 
skeletally small, so that the Gabriel-Zisman localisation D-ji oiVatTZ exists. In this 
situation, V-ji has a very nice description; see [H 1.2] or [121 Sect. 3]. The objects 
in D-ji are the same as the objects of T>. The morphisms from X to y are right 
fractions, of the form 

/ 



X 



A 



Y 



denoted [r, /]rf, up to an equivalence relation: two such fractions [r, /]rf and 
[f'y /']rf are equivalent if there is a commutative diagram of the form: 

A 





X A" - — ^ Y 





A' 

where r" lies in TZ. 

The composition of two right fractions [r', /']rf o [r, /]rf is given by the right frac- 
tion [rr", /'/"]rf where r", a morphism in TZ, and /", a morphism in C, are obtained 
from an application of axiom (RF2) which gives rise to the following commutative 
diagram: 

C 
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The localisation functor from V to V-j^ takes a morphism / to [id, /]rf- We shall 
denote this image by [/]. For r £ TZ, [r,id]-RF is the inverse of [r] (i.e. the formal 
inverse adjoined in the localisation). We shall denote it Xr- Thus, every morphism 
in D-ji has the form [r, /]rf = [/J^^n where / is a morphism in V and r lies in TZ. 
Similarly, if D satisfies (LFl-3), there is a dual description of T>ti by left fractions, 
and so every morphism in D-ji can be written in the form s]lf = a^^is], where g 
is a morphism in D and s lies in TZ. 

According to [TTl pl73], the following result holds. We include a proof for the 
convenience of the reader. 



Proposition 4.1. \n\ pl73] Let A be a semi-abelian category. Then A is integral if 
and only if the class TZ of regular morphisms in A admits a calculus of right fractions 
and a calculus of left fractions. 

Proof. We firstly note that it follows from the definitions that TZ satisfies (RFl). Let 
r, /, /' be as in (RF3) above and suppose that rf = rf. Then r(/ — /') = 0. Since 
r is regular, it is a monomorphism, so / — /' = and / = /'. Thus we can just take 
r' to be the identity map on X and we see that (RF3) is satisfied. 

We will now show that A is left integral if and only if (RF2) holds. Suppose first 
that A is left integral and we are given a diagram: 



(4) B 

f 



with r regular. Let 




be the pullback of this diagram. Since r is an epimorphism and A is left integral, 
a is also an epimorphism. Since r is a monomorphism, a is a monomorphism by 
Lemma 12.31 Hence a is also regular and we see that (RF2) holds. 

Conversely, suppose that (RF2) holds and consider a pullback diagram of the 
form: 



(5) 



A 



B 



C—^D 

a 
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with d regular. By (RF2), there is a commuting diagram 

b' c 

C—^D 

a 

with a' regular. Since the diagram ([5]) is a pullback, we have a map e: A' ^ A 
making the diagram: 




a 

commute. Since a' is regular, it is an epimorphism, so a is also an epimorphism. 
Again by Lemma 12.31 the fact that d is a monomorphism implies that a is also a 
monomorphism. Hence a is regular. By Proposition 12.41 is integral, hence left 
integral. 

Thus we have seen that A is left integral if and only if (RF2) holds, if and only 
if TZ admits a calculus of right fractions. A similar argument shows that A is right 
integral if and only if TZ admits a calculus of left fractions. The result is proved. □ 

We note that the proof shows that in fact: 

Corollary 4.2. Let A be a semi-abelian category. Then A is integral if and only if 
the class TZ of regular morphisms in A admits a calculus of right fractions ( respec- 
tively, a calculus of left fractions) . 

Proof. If A is integral then it is left integral. The proof of Proposition 14.11 shows 
that then RFl-3 are satisfied by TZ and conversely that if RFl-3 are satisfied then 
A is integral. The statement for right fractions follows, and a dual argument shows 
the statement for left fractions. □ 

In the rest of this section, we assume that A is skeletally small, so that localisations 
exist. 

Remark 4.3. We note that, by [H 3.3, Cor. 2], the localisation of A at TZ in the 

situation of Proposition \4-i\ is additive, since A is additive and TZ admits a calculus 
of right fractions. Furthermore, the localisation functor is additive. See also [HI 
10.3.11]. 

Lemma 4.4. Let A be an integral category and let TZ be the class of regular mor- 
phisms in A. Then the localisation functor L: A —?■ A-jz is faithful. 
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Proof. By Corollary 14.21 (and recalling I2.2p . TZ admits a calculus of right fractions. 
Let /: X — )■ y be a morphism in A and suppose that [/] = 0. Then we have a 
commutative diagram: 




A' 

We see that r" = u = t; is regular, and fu = 0. Since u is an epimorphism, / = as 
required. □ 

We remark that, as a consequence, [r, /]rf = [g, s]lf if and only if [f]xr = Xs[g], 
if and only if [sf] = [gr], if and only if sf = gr, as noted in jlTl pl73]. 
We note that: 

Lemma 4.5. Let A be an integral category and let IZ he the class of regular mor- 
phisms in A. Then a morphism f in A is an epimorphism if and only if [f] is an 
epimorphism. It is a monomorphism if and only if [f] is a monomorphism. 

Proof. Suppose first that [/] is an epimorphism and g is a morphism in A for which 
gf = 0. Then [g][f] = [gf] = 0. Hence [g] = since [/] is an epimorphism. 
By Lemma 14.41 9 = 0, so / is an epimorphism. Conversely, suppose that / is an 
epimorphism and that (x^ [g] ) [/] =0 for a morphism g in A and a regular morphism 
r in A. Then [g][f] = 0, so [gf] = 0, so by Lemma [4.41 gf = 0. Hence g = 0, 
so [g] = and therefore Xr[g] = as required. So [/] is an epimorphism. The 
monomorphism case is proved similarly. The result is proved. □ 

Lemma 4.6. Let A be an integral category and let IZ he the class of regular mor- 
phisms in A. Let /, r be morphisms in A, with r regular, and let c be a cokernel of 
f in A. Then [c] is a cokernel of [fjx.,. in A-ji. Similarly, if j is a kernel of f in A 
then [j] is a kernel of Xr [f] in A-jz . 

Proof. We have [c][/]xr. = [c/Jx,. = [0]xr = 0. Suppose that g,s are morphisms in 
A, with s regular, and (xs[g])([/]rEf,) = 0. Then Xs[gf]xr = 0, so [gf] = 0, so = 
in A. Hence g factors through c, so [g] factors through [c], so Xs[g] factors through 
[c]. Hence [c] is a weak cokernel of [/Jx,-. Since c is an epimorphism in A, it follows 
from Lemma 14.51 that [c] is an epimorphism in A. Therefore, by Lemma |2.5[ [c] is a 
cokernel of [/Jx,-. The result for kernels is proved similarly. □ 

We recall that every morphism f:X y in a preabelian category A has a 
factorisation of the form: 

X coim(/) im(/)^^ Y 
and A is abelian if and only if / is an isomorphism for all morphisms / in A. 
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Lemma 4.7. [T71 pl67] Let A be a preabelian category. Then A is semi-abelian if 
and only if f is regular for all morphisms f in A. 

Proof. By definition (see Section [2]), if A is semi-abelian then every morpliism / 
lias a factorisation of the form ip where p = coim(/) and i is a monomorphism. 
Comparing this with the factorisation above we see that i = vf and thus, since i 
is a monomorphism, so is /. Dually, we see that / is an epimorphism, and hence 
regular. Conversely, suppose that for all morphisms / in ^, / is regular. Then, in 
the factorisation above, vf must be a monomorphism as v and / are. Dually, fu is 
an epimorphism and we see that A is semi-abelian as required. □ 

According to [T7], we have the following theorem. Again we give details for the 
interested reader. 

Theorem 4.8. jl7l pl73] Let A be an integral category. Then the localisation A-ji 
(if it exists) of A at the class of regular morphisms is an abelian category. 

Proof. As we have already observed, by [H 3.3, Cor. 2], An is an additive category. 
By Lemma 14.61 Atz is preabelian. Since A is semi-abelian (by Proposition 12. 2p . it 
follows from Lemma 14.71 that in the factorisation: 

X coim(/) im(/)^^ Y 

of any morphism / in / is regular. It is easy to check that applying the localisation 
functor to this factorisation gives the corresponding factorisation of [/]. It follows 
that for morphisms of the form a = [/] in A-ji, a is invertible. Since every morphism 
in Atz can be obtained by composing a morphism of this form with an invertible 
morphism in Atz, it follows that u is invertible for all morphisms u in Atz and hence 
that A-ji is abelian as required. □ 

5. The localisation of C/Xt is equivalent to modP. 

In this section we will show that {C/ Xt)tz is isomorphic to modF, where as before 
r = Endc(T)°P. 

We have seen (Corollary 13. lOp that C/ Xt is an integral category. Since we assume 
C is skeletally small, C/Xt is also skeletally small. Applying Theorem 14.81 to the 
integral category C/Xt we see that {C/Xt)'r. is abelian: 

Theorem 5.1. Let C be a skeletally small, Hom-finite, Krull- Schmidt triangulated 
category with Serre duality, containing a rigid object T . Let Xt denote the class 
of objects X in C such that Homc(T, X) = 0. Then the class TZ of regular mor- 
phisms in C/Xt admits a calculus of left fractions and a calculus of right fractions. 
Furthermore, the localisation {C/Xt)ti of C/Xt at the class TZ is abelian. 

Remark 5.2. We have seen that the localisation {C/Xt)tz inherits an additive 
structure from C/Xt (see Remark \4-3^ - The localisation {C/Xt)'r, also inherits a 
k-additive structure from C/Xt: a scalar A takes the fraction [r, /]_r_f to [r, Xf]RF- H 
can be checked that this action is well defined and, together with the additive struc- 
ture inherited from C/Xt, gives a k-additive structure on {C/Xt)ti for which the 
localisation functor is k-additive. 
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We will show that the projectives in {C/X'r)Ti are the objects in addT and that 
iC/ Xt)-r has enough projectives. From this it will follow that {C/ XT)n is equivalent 
to modr. 

Lemma 5.3. Let A he an additive category and P a projective object in A. If 
r:U^Pisa regular morphism then it is an isomorphism. 

Proof. Since r is an epimorphism, the identity map on P factors through r, so there 
is a morphism s: P ^ U such that rs = id. Then r(sr — id) = (rs)r — r = 0. Since 
r is a monomorphism, sr — id = and it follows that r is an isomorphism. □ 

Lemma 5.4. Let A be a skeletally small integral category and TZ the class of regular 
morphisms in A. Suppose that P is a projective object in A. Then P, when regarded 
as an object in the localisation A-r., is again a projective object. 

Proof. Suppose P is projective in A and we have a diagram: 

P 

in A-ji with p, /, r, s morphisms in A, s: U — )■ P and r regular morphisms and 
[f]xr an epimorphism in A-ji- Since s is regular and P is projective in A, s is an 
isomorphism by Lemma 15.31 Hence P ~ C/ in so C/ is also projective in A. By 
Lemma l4.5|, / is an epimorphism in A, so p factors through /. It follows that [p]xs 
factors through [f]xr as required. □ 

Lemma 5.5. (a) The projectives in {C/Xt)-r are exactly the objects in addT. 
(b) The category {C/Xt)tz has enough projectives. 

Proof. By Lemmas 15.41 and 13.51 the objects in addT are projective in (C/Xt)'r,- Let 
X be an object in C/Xt. Then, by Lemma 13.61 there is an epimorphism p: Tq ^ X 
in C/Xt, where Tq lies in addT, and (b) follows, using Lemma [4.51 If X is projective, 
the identity map on X factors through [p], so [p] is a split epimorphism and X is 
isomorphic to a summand of Tq, hence in addT, and (a) follows. □ 

Lemma 5.6. We have that End^c/XT)TiiT) - Endc(T). 

Proof. The localisation functor induces a morphism 

If [f]xr is an arbitrary element of End(^c/XT)Tz^'^^ with f,r morphisms in C/Xt and 
r regular, then r is an isomorphism in C/Xt by Lemma 15.31 so Xr = [r~^] and we 
see that (p is surjective. By Lemma 14.41 it is also injective, so 

Endc/A-rC?") - End(c/A'T)7j(^)- 

The result follows, since the only homomorphisms from T to objects in Xt are zero 
by definition. □ 
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Theorem 5.7. Let C be a skeletally small, Horn- finite, Krull- Schmidt triangulated 
category with Serre duality, containing a rigid object T . Let Xt denote the class 
of objects X in C such that Homc(T, X) = 0. Let TZ denote the class of regular 
morphisms in C/ Xt and {C/Xt)ti the localisation of the integral category C/Xt at 
TZ. Then 

{C/XT)n - modEndc(T)''P. 

Proof. By Theorem 15 -H {C/Xt)'r, is an abelian category. By Lemma [5?5t {C/Xt)'r, 
has enough projectives, given by the objects in addT. The result follows, with 
an equivalence being given by the functor Hom(c/;fj,)^(T, — ), noting that T is a 
projective generator for {C/XT)n- ^ 

We note that, by Remark [5. 2 1 {C/ Xt)'r, inherits a fc-additive structure from C/ Xt- 
It is easy to see that the above equivalence preserves this structure (as well as the 
abelian structure). 

6. COTORSION PAIRS 

We recall the notion of a cotorsion pair in a triangulated category, considered 
in Nakaoka [H]. By [HI 2.3] this can be defined as a pair {U,V) of full additive 
subcategories satisfying 

(a) = V; 

(b) V^=U; 

(c) For any object C, there is a (not necessarily unique) triangle: 

[/ ^ c ^ ^ 

with UeUandVeV. 

Nakaoka points out that {U, V) is a cotorsion pair in this sense if and only if 
(jU, SV) is a torsion theory in the sense of [HI 2.2]. 

If C is a triangulated category as in Section [T] and T is a rigid object in C then 
(addr, T^) is a cotorsion pair (e.g. see [21 Sect. 6]). One might then ask whether 
Theorem 13.11 can be generalised to this set-up. However, it is easy to see that this 
cannot be the case. Consider a triangulated category C, satisfying our usual assump- 
tions. Assume that C has a non-zero nonisomorphism between two indecomposables. 
Then this map does not have a cokernel or kernel in C. But the pair (U, V) = (C, 0) 
is clearly a cotorsion pair. This gives many examples of cotorsion pairs {U, V) such 
that C/V is not preabelian. 

More interesting examples where C/V is not preabelian also exist. Let C be the 
cluster category associated to the quiver: 

1 ^ 2 ^ 3. 

For a vertex i, let Pi (respectively, /j. Si) denote the corresponding indecomposable 
projective (respectively, injective, simple) module. Let U be the additive subcategory 
whose indecomposable objects are P2, P3 and SP3. It is easy to check that U-^ is the 
additive subcategory with indecomposables given by Pi,P2 and ^2 and that {1{,U^) 
is a cotorsion pair. Note that the torsion pair {U,TLi^) appears in [7j. 
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Let / be a non-zero map from P3 to l2- Suppose that c: /2 — )• C is a cokernel of 
/ in C/IA^. Since the only non-zero maps g: I2 with Y indecomposable such 

that gf = have Y = SPi or y = it follows that C is a direct sum of copies of 
TiPi and SP2- Then dc = for any non-zero map d from C to SP3, a contradiction 
to the fact that c is an epimorphism. 

7. The functor Homc(T, -): C ^ modF 

Let T denote a rigid object in a triangulated category C, where C satisfies the 
same properties as earlier, and let T = Endc(T')°*'. We have seen that we can 
obtain mod F in a process consisting of two steps: first forming the preabelian factor 
category C/Xx, and then localising this category with respect to the class of regular 
morphisms. 

In [2] we considered the functor H = Homc(T, —): C ^ modF. Let S = St be 
the collection of maps / : X ^Y inC with the property that in the induced triangle 

Y,-^Z \ X ^Y Z, 

both g and h factor through Xt- Let Lg : C ^ Cs denote the Gabriel-Zisman 
localisation. We proved in [2] that there is an equivalence G: Cg ^ mod F such that 
GLs = H. We also proved that a map s belongs to S if and only if H{s) is an 
isomorphism in modF. 

In this section, we point out that the functor H is actually naturally equivalent 
to the composition of the quotient functor C — )• C/ and the localisation functor 
with respect to regular morphisms. 

Consider the set of maps Sq = {X MU X \ U ^ Xt, X ^ C} and the Gabriel- 
Zisman localisation Ls^ ■ C C^^ . The quotient functor Q: C ^ C j Xt inverts all 
maps in 5o, so there is a functor Gq: C^^ — )• CjXT-, making the following diagram 
commute. 

C ^CIXt 

The localisation functor L^,, has the following elementary properties. 

Lemma 7.1. (a) For U in Xt, consider the projection map ttx ■ X JIU ^ X . 

The inverse of Ls^{Trx) is Lsg{Lx), where lx ■ X ^ X U U is the canonical 
inclusion map. 

(b) Let u,v be maps in C such that v factors through Xt- Then Lsq{u + v) = 
Lso (u) in C5„ . 

Proof. The proof is identical to the proof of Lemma 3.5 in [2]- D 

By construction, Gq is the identity on objects. It is clear that Go is full, since Q 
has this property. 
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We claim that Gq is also faithful. Firstly, note that by Lemma l7.1( a). L^g is full. 
So let / and /' be maps in C with GoLsg{f) = GoLsaif')- Then H{f) = H{f'), so 
f — f factors through Xt (by [21 Lemma 2.3]), and hence, by Lemma l7.H we have 
that Lsaif) = Lsoif + f - f) = Lsoif')- Hence, we have the following. 



Proposition 7.2. The induced functor Gq : C^,, 
categories. 



C/Xt is an isomorphism of 



By Lemma 13.31 a morphism / in C/Xf is regular if and only if / lies in S. 
Combining this with Proposition 17.21 we see that the image Lsq{S) in the preabelian 
category Cso consists of exactly the regular morphisms. 

Let TZ denote the regular morphisms in C/Xt- By the universal property of 
localisation, it follows that we also get an induced isomorphism of categories 

K: iCso)Ls,{S)^iC/XT)Tl 
making the following diagram commute. 



C/X 



Go 



T 



Go' 



{C/X, 



K 



C-So 



-^So(S) 



K- 



(C<So)l 



So(-S) 



It is clear that H factors uniquely through Q, and hence by the universal prop- 
erty of localisation, also uniquely through L-ji: C/Xt {C/Xt)'r., so we have a 
commutative diagram of functors 




modEndc(T)''f 



Lemma 7.3. The functor H' is naturally isomorphic to the functor^ova.((i j Xj,)^{T , —] 
which gives an equivalence between {C/Xt)'r. and mod End^ (T) in Theorem \5. 7\ 

Proof. Firstly, we note that the map ipx '■ f ^ [f] gives an isomorphism from 
H'{X) = Homc(r, X) to Yiom.(i^ I Xj.)^{T , X) as Endc(r) "^-modules (arguing as in 
the proof of Lemma l5.6p . Secondly, let u = E 'Rovii^ciXj.)-^{X,Y) be an 

arbitrary morphism, where f : X ^ Z and r -.Y ^ Z are morphisms in C for some 
object Z in C and r is regular in C/Xt- Consider the diagram: 



H'{X) 

H'{u) 

h'\y) 



fx 



Hom(c/A'-r)TC(^'^) 

Horace/ Xrp)T^{T,u) 

Hom(c/A'-r)^(r,y). 
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Let a e H'{X) = Homc(T,X). Then: 

H'{u){a) = H'ixr[ma) 

= H'{xr)H'{ma) 

= H'{xr)H{f){a) 

= H'{xr){fa) 

= Homc(r,r)"^(/a) = g, 

where fa = rg. Hence ipYiH' {u){a)) = [g]. We also have 

Hom(c/A'y)^(r, u){ipx{a)) = }iom^c/XT)TziT,Xr[l]){[a]) 

= Xr[r][g] = [g], 
so the diagram commutes and the lemma is proved. 

It follows that H' is an equivalence. 

We also have a commutative diagram of functors 
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□ 




in which L' is an isomorphism of categories. This follows from the universal property 
satisfied by the localisation functors involved. 

Let denote a quasi-inverse of G. Summarising, we have: 

Proposition 7.4. We have the following diagram of functors. The diagram com- 
mutes, apart from the rightmost square, which commutes only up to natural isomor- 
phism. 



H 
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Proof. We have checked above that the diagram commutes apart from the rightmost 
square. We recall that, for a localisation functor L and two functors J, J' composable 
with it, JL = J'L implies that J = J' , by the universal property. We have that 

G^'^Ls^^{S)Lsq = GLs = H = H'L-jiQ = H'LtiGqLsq = H'KLl^^i^s)Lsq, 

so GL' = H'K. It follows that G~^H' is naturally equivalent to L'K^^. □ 

We remark that the fact that L' is an isomorphism implies that H' is an equiva- 
lence of categories, by the commutativity of the right hand square. Thus the equiv- 
alence in Theorem 15.71 can also be derived from the fact that G is an equivalence 
(i.e. (21 Theorem 4.3]) together with the above analysis. 
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